We introduce variants of Floer-Novikov cohomology and give a lower bound for the number of fixed points of time-one maps of timedependent symplectic flows under the non-degeneracy condition.
Introduction
In a previous paper [5] , we studied an analog of Arnold's conjecture for fixed points of the time-one map of a time-dependent symplectic flow. We constructed the so-called Floer-Novikov cohomology and established the invariance under Hamiltonian deformations in a similar way to the case of Hamiltonian diffeomorphisms [1] , [3] , [6] . However, we restricted ourselves to the class of monotone or negatively monotone symplectic manifolds in order to compute Floer-Novikov cohomology. The purpose of this note is to give a lower bound for the rank of Floer-Novikov cohomology, which also gives a lower bound for the number of fixed points of such a symplectomorphism without assuming ±-monotonicity of the symplectic manifold.
One of the difficulties arising in the computation is that the coefficient ring (the Novikov ring) of Floer-Novikov cohomology depends on the flux of the symplectic flow, hence we cannot directly compare Floer-Novikov cohomologies of symplectomorphisms with different fluxes. The idea in this paper is to construct the Floer-Novikov cohomology over a smaller coefficient ring. When two time-dependent flows are close to each other, we will give a variant of Floer-Novikov cohomologies over the same coefficient ring so that we can compare Floer cohomologies of different fluxes. Note that it is not enough to construct the Floer-Novikov cohomology theory over a common coefficient ring. In [2] , we introduced the universal Novikov ring Λ nov . The Floer-Novikov cochain complex, hence the Floer-Novikov cohomology, can be extended to objects over Λ nov . Although the coefficient ring is the same, this construction does not directly allow us to compare the Floer-Novikov cohomologies with different fluxes.
The Floer cohomology of a symplectomorphism sufficiently C 1 -close to the identity is calculated in terms of the Novikov cohomology of the flux. Let M be a closed manifold. The Novikov cohomology HN * (M ; a) is defined for a ∈ H 1 (M ; R), and is a finitely generated module over the Novikov ring Λ a . The function a → rank Λa HN * (M ; a) attains the absolute minimum at generic a. Denote by min-nov p (M ) the minimum of rank Λa HN p (M ; a), which we call the pth minimal Novikov number. One of results in this note is the following:
Theorem 1.1. Let φ be the time-one map of a symplectic flow on (M, ω).
If all fixed points of φ are non-degenerate, the number of fixed points of φ is not less than p min-nov p (M ).
Remark 1.2.
In fact, the above estimate holds for the number of fixed points, which correspond to contractible 1-periodic orbits of the timedependent symplectic flow. The proof of Theorem 1.1 is based on the Floer-Novikov cohomology theory. In general, the Floer-Novikov cohomology cannot be described in terms of the Novikov cohomology of the flux, cf. Proposition 2 in [8] . (In [8] , the Floer(-Novikov) cohomology uses all components of the twisted path space (or the loop space), although we only consider the component of contractible loops in this note.)
The contents are the following. In Section 2, we briefly recall Novikov cohomology theory for closed 1-forms. In Section 3, we review Floer-Novikov cohomology theory. Sections 4 and 5 are the main body of this note, where we prove the main results.
Review on Novikov cohomology
We summarize Novikov cohomology theory for reader's convenience. Let M be a closed manifold and η a closed 1-form on M . We call η a Morse 1-form, when the cross-section η of T * M is transversal to the zero section, i.e., all critical points of local primitive functions for η are non-degenerate. Define the homomorphism I η : π 1 (M ) → R by integrating η along loops. We consider the covering space π : M → M corresponding to ker I η ⊂ π 1 (M ). The Novikov ring Λ [η] is the completion of the group algebra of Γ = π 1 (M )/ ker I η with respect to the filtration induced by I η , i.e.,
, satisfying the following finiteness condition
For each c ∈ R, the set {i|a i = 0, I η (g i ) < c} is finite.
Since π * η is exact, there exists a smooth function f such that df = π * η. For each p ∈ Zero(η), the Morse index at p is defined by the Morse index of f atp, wherep is any element in π −1 (p).
Pick a Riemannian metric g on M so that the gradient flow of f with respect to π * g is of Morse-Smale type. Choose also an orientation of the local stable manifold at each p ∈ Zero(η). Then the Novikov cochain complex (CN * (M, η, g), δ) is defined as follows.
satisfying the following conditions
• The index atp i is k for all i.
• For each c ∈ R, the set 
Since we will use the idea of the proof, we briefly recall the argument. Denote by π: M → M the covering space corresponding to ker I η 1 = ker I η 2 . The covering transformation group is G = π 1 (M )/ ker I η 1 
This follows from the following observation. Without changing the cohomology class of η 1 , we may assume that η 1 vanishes in a neighborhood of each critical point of f . For a sufficiently large N , the local-gradient flow lines of N · df + η 1 with the relative index 1 are in one-to-one correspondence with the gradient flow lines of f with the relative index 1. Therefore, the Novikov complex (CN
Combining these, we find
Here, we denote by F(R) the fractional field of an integral domain R. Similarly, we find
Thus, we get Theorem 2.1. We also proved the following: In particular, when [η] is generic in H 1 (M ; R), i.e., the corresponding covering space M → M is the maximal abelian covering space of M , the rank of its Novikov cohomology is minimal.
Floer-Novikov cohomology
In this section, we summarize material on Floer-Novikov cohomology following [5] . However, we adopt a slightly different framework, i.e., a different covering space of the loop space here, see [7] for the necessary modifications.
3.1.
Review on the construction of Floer-Novikov cochain complex. Let η t be a one-parameter family of closed 1-forms on M . Denote by X ηt the vector field satisfying i(X ηt )ω = η t . Integrating X ηt , we get a one-parameter family ϕ t of symplectomorphisms with ϕ 0 = id. We call such ϕ t a time-dependent symplectic flow. As in Lemma 2.1 in [5] , we deform ϕ t in such a way that the cohomology class [η t ] is independent of t without changing the time-one map ϕ = ϕ 1 . Note that the cohomology class [η] = [η t ] is the so-called flux of {ϕ t } 0≤t≤1 . We can also adjust and extend the isotopy ϕ t so that ϕ t+1 = ϕ t • ϕ 1 holds. In other words, we may assume that η t is 1-periodic in t and represents the same cohomology class.
On the free loop space LM of M , we define a closed 1-form α {ϕt} , in a formal sense, as follows.
We take an appropriate covering space of LM so that the pull-back of α {ϕt} becomes exact and a ∞/2-dimensional analog of Morse index, i.e., the Conley-Zehnder index, of a primitive function is well defined. More precisely, we consider the covering space LM corresponding to K = ker(I ω + I η ) ∩ ker I c 1 , where I ω , I η and I c 1 are homomorphisms π 1 (LM ) → R defined as follows.
Let {γ τ } be a loop in LM and C({γ τ }) the "trace" swept by a family of loops γ τ . Each loop γ τ is parametrized by t ∈ R/Z = S 1 . We set
When we consider the component of contractible loops, the covering space LM → LM is described in the following way. Choose a smooth function h on M such that d h = π * η. Consider the space of pairs ( γ, w) of a loop γ in M and a disk w :
We write ( γ, w) ∼ ( γ , w ) if and only if the following conditions hold:
where w (−w ) is the two-sphere obtained by gluing w and w with the reversed orientation along the boundaries. This is an equivalence relation and LM is identified with the quotient space {( γ, w)}/ ∼. Choose a smooth function
x).
Then we define the action functional on LM by
The index of a critical point [ γ, w] is given by the Conley-Zehnder index of the 1-periodic orbit with respect to the trivialization of (π • γ) * T M, which extends to w * T M. The Floer-Novikov cohomology for the timedependent symplectic flow {ϕ t } 0≤t≤1 is an ∞/2-dimensional analog of Morse cohomology of A H . The construction of the Floer-Novikov cochain complex is similar to the case of the Floer cochain complex for periodic Hamiltonian systems. The technology in [3, 6] enables us to extend the construction in [5] to time-dependent symplectic flows on general closed symplectic manifolds.
From now on, we assume that all 1-periodic orbits of ϕ t are non-degenerate. Pick a family J = {J t } of almost complex structures compatible with ω, which is 1-periodic in t. We set
satisfying the following finiteness conditions .
Note that CFN * ({ϕ t }, J) is the completion of the Q-vector space freely generated by the set of critical points of A H with respect to the filtration induced by A H . We introduce the Novikov ring Λ ω,η , which depends on the cohomology classes [ω] ∈ H 2 (M ; R) and [η] ∈ H 1 (M ; R). Write Γ = π 1 (LM )/K, the covering transformation group of LM → LM . The homomorphisms I ω and I η descend to homomorphisms Γ → R. We set
satisfying the following finiteness condition .
• {i|a i = 0, (I ω + I η )(g i ) < c} is finite for any c ∈ R. 
The group R acts on the space of connecting orbits by translation in the τ -variable. The quotient space can be compactified by adding stable connecting orbits as in [3] to get the moduli space
, which we call the relative index. Using abstract multi-valued perturbation technique, we can define the "cardinal-
where [ γ , w ] runs over the set of critical points of A H such that µ( γ , w ) = µ( γ, w) + 1. We can also show that δ • δ = 0. The resulting cohomology HFN * ({ϕ t }; J) is called the Floer-Novikov cohomology for the timedependent symplectic flow ϕ t , which can be shown to be independent of J. As in the case of Hamiltonian isotopies, we get invariance under Hamiltonian deformations.
Theorem 3.1 (Theorem 4.6 in [5]). Let ϕ t and ψ t be time-dependent symplectic flows. If ψ t • (ϕ t ) −1 is a Hamiltonian isotopy, then we have a natural isomorphism as Λ ω,η -modules
In the proof, we use a τ -dependent analog of the connecting orbit equation. Let H − and H + be smooth functions on S 1 × M → R generating ϕ t and ψ t , respectively. By the hypothesis that ψ t • (ϕ t ) −1 is a Hamiltonian isotopy, there exists a function h on S 1 × M such that 
where u : R × S 1 → M is a lift of u, and
) is defined by "counting" the solutions of the cochain homomorphism equation.
For any solution u of the cochain homomorphism equation, the following energy estimate holds under the hypothesis that ψ t •(ϕ t ) −1 is a Hamiltonian isotopy:
where C is a constant depending on h and β. Based on this estimate, the Gromov compactness holds for solutions of the equation. We use the technique in [3, 6] to define a cochain homomorphism, which induces an isomorphism between cohomologies.
Changing the flux.
For a general pair ϕ t , ψ t of time-dependent symplectic flows, we do not have a similar energy estimate. Note also that the Novikov rings are different, when the fluxes are different. Thus, even when the energy estimate holds, the cochain homomorphism may not be obtained in the same manner. For these reasons, in [5] we could compute the Floer-Novikov cohomology for time-dependent symplectic flows only when the symplectic manifold is either monotone or negatively monotone. The argument is based on an energy estimate, which is only valid for special deformations. In 
( γ(t), γ (t)) > for distinct 1-periodic solutions γ and γ in M and t ∈ R/Z. Here d(·, ·)
is the Riemannian distance with respect to π * g J . We may also assume the following condition, see Lemma 5.2 in [5] . There exists δ 1 > 0 such that 
d(σ(t), γ(t)) > .

Thus we have
which is a contradiction. Hence ϕ t and φ θt t • ϕ t have the same contractible 1-periodic orbits.
From now on, we assume that the cohomology class [π * θ t ] ∈ H 1 ( M ; R) vanishes. Simply write δ = δ 2 . Denote by h a smooth function on R/Z × M such that H + h generates the symplectic isotopy {φ
As in subsection 3.1, we consider the following cochain homomorphism equation:
Here β is the same function as in subsection 3.1. This lemma guarantees the energy bound for solutions of the τ -dependent analog of the connecting orbit equation with prescribed initial and final conditions. We use this fact to construct a cochain homomorphism between variants of Floer-Novikov cohomologies, which we will introduce in Section 4, with slightly different fluxes.
Lemma 3.2. (Lemma 5.4 in [5]). If the closed 1-forms θ t satisfy θ t C 0 < δ/3, then we have the following energy estimate for solutions of the cochain homomorphism equation for the homotopy from H − = H to
H + = H + h E(u) ≤ 3(A H ([ γ + , w + ]) − A H ([ γ − , w − ])),
Energy-distance inequality.
It is natural to expect that the energy of a connecting orbit u is roughly bounded from below by a quantity proportional to the distance between γ − and γ + in M . More precisely, we will prove Lemma 3.4, which is a key of the construction of the Floer-Novikov cohomology over a smaller coefficient ring.
Lemma 3.3.
There exists e > 0 with the following property. Suppose that, for a connecting orbit u, there exist R 1 < R 2 and distinct 1-periodic orbits γ 1 and γ 2 in M such that max t d(u(R i , t), γ i (t)) ≤ . Then the following inequality holds:
Proof. Without loss of generality, we may assume that
In the case that R 2 − R 1 ≤ 1, the Cauchy-Schwarz inequality implies that
In the case that R 2 − R 1 > 1, we show that
Then the desired inequality holds with e = min{4 2 , δ 2 /2}. We suppose the contrary. Choose a real number R such that [R,
there is r ∈ (R, R + 1) such that
By the choice of δ, t → u(r, t) is -close to some 1-periodic solution γ(t) for some r ∈ (R 1 , R 2 ), i.e., max t d (u(r, t) , γ(t)) ≤ . This is a contradiction.
Lemma 3.4. Let u be a connecting orbit from
Then the following inequality holds for δ as above:
where
This is essentially Lemma 3.5 in [5] , the proof of which is made more precise below.
Proof. Firstly, we note that there are finitely many real numbers −∞ < R 1− < R 1+ < R 2− < · · · < R k− < R k+ < +∞ and 1-periodic solutions
Note also that k < E(u)/e by Lemma 3.3. In particular, the finiteness of k follows from the fact that E(u) is finite. We observe that
Applying the Cauchy-Schwarz inequality, we get
Using the condition for u| [R i− ,R i+ ]×S 1 and the connecting orbit equation, we get
Once again applying the Cauchy-Schwarz inequality, we get
Now we show that
.
Thus we get
In the line of the proof of Lemma 3.4, we find the following:
Lemma 3.5. Let u be as in Lemma 3.2. Then we have
Proof. Set τ (t) = u(τ, t). Suppose that the loop τ satisfies max( τ (t), γ(t)) > for any 1-periodic orbit γ, then we find that
Taking this inequality into account, we easily adapt the proof of Lemmas 3.3 and 3.4 to obtain the desired estimate.
Variants of Floer-Novikov cochain complex
In the construction of the Floer-Novikov cohomology, the abelian covering space M → M depends on the flux η of the time-dependent symplectic flow. To compare Floer-Novikov cohomologies with different fluxes, we need to construct a variant of Floer-Novikov cohomology in the same abelian covering space of M . In this section, M → M denote a free abelian covering space of M such that π * η is exact. For instance, the maximal abelian covering space of M . Another choice is the smallest covering space with this property as in Section 3. With the help of Lemma 3.4, we construct two variants of the Floer-Novikov cohomology as follows.
The first construction is almost straightforward. Let ϕ t be a timedependent symplectic flow with 1-periodic η t . Suppose that π * η t is exact on M . Choose H such that d H t = π * η t . Denote by A H the functional on L M consisting of the equivalence classes of ( γ, w), where γ is a loop on M and w is a bounding disk for π • γ. We write ( γ, w) ∼ ( γ , w ) if they satisfy the following conditions.
and
• {i|a i = 0, A H ( γ i , w i ) < c} is finite for any c ∈ R.
• The Conley-Zehnder index µ([ γ i , w i ]) equals p. The coboundary operator is defined by the same formula in Section 3. By the usual compactness argument applied to the solution π•u of the perturbed Cauchy-Riemann equation with values in M , we find that there are only finitely many connecting orbits, whose energy is bounded by a fixed constant, of relative index 1 starting from a fixed critical point [ γ, w] ∈ L M , after the abstract multi-valued perturbation as in [3] . Therefore, the finiteness condition is preserved by the Floer-Novikov coboundary operator. (In fact, Lemma 3.4 guarantees a stronger finiteness condition as we will see below.)
Since we work with a different covering space of the loop space, the coefficient ring of this variant of the Floer-Novikov cochain complex is also different from the one in Section 3. The covering transformation group of L M → LM is isomorphic to Π = {π 1 
Hence the coefficient ring is the completion Λ ω,η = Λ ω,η, M →M of the group algebra of Π with respect to I η + I ω . Now we give a second variant of the Floer-Novikov cohomology. Let U be a sufficiently small neighborhood of the origin in ker{π * : H 1 (M ; R) → H 1 ( M ; R)}, which will be specified later. We consider the finiteness condition with respect to I η+θ + I ω for all [θ] ∈ U . Namely we set 
satisfying the following conditions .
• {i|a i = 0, A H+ h θ ( γ i , w i ) < c} is finite for any c ∈ R and any [θ] ∈ U .
• The Conley-Zehnder index µ([ γ i , w i ]) equals p. 
Let Θ = {θ t } be a 1-periodic family of closed 1-forms representing c ∈ U such that all θ t vanish in a neighborhood of any contractible 1-periodic orbit of φ t . Write
The following proposition can be shown by repeating the argument above. 
If [η]
∈ V is sufficiently small, we can compute the Floer-Novikov cohomology. Namely, for a sufficiently C 1 -small Morse 1-form η, the FloerNovikov coboundary operator does not contain any quantum contribution, i.e., it is described by only bounded local-gradient flow lines. Hence the Floer-Novikov cohomology for such an η is described by the Novikov cohomology for η, see [5, 7] . We obtain the following: [5, 7] , the bounded local gradient flow lines are the only connecting orbits contributing to the Floer-Novikov coboundary operator δ. Hence we obtain the first equality. The second inequality is clear by the definition of the minimal Novikov number.
Comparison result
In the previous section, we established an estimate for the rank of the cohomology HFN * ({ϕ t }, J; M ). In this section, we give an estimate for the rank Proof. The first equality has been proved just before Proposition 4.7. We prove the second inequality. From these facts, we obtain the second inequality.
Combined with Proposition 4.8 and Theorem 4.9, we obtain the following theorem, which is the goal of this section. 
